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FIG. 1. Coulomb blockade peaks in conductance g as a
function of gate voltage Vg at (a) 45 mK and (b) 400 mK from
device 1. Insets: SEM micrograph of device 1. Peak height
fluctuations dgi extracted from these data sets.

and generated according to Eq. (1) assuming a uniformly

spaced spectrum [8]. The RMT results do not change

significantly when Wigner-Dyson statistics for the spec-

trum is included. The saturation of nc!T " at m # 2 for
kBT . 0.5D for the smallest device is evident in Fig. 2(c).
The larger dot begins to saturate for larger n, with a larger
ratio kBT$D, suggesting that the spectrum of the larger dot
is less prone to scrambling. The observed scale of satu-

ration, m, as well as the trend for m to increase with N ,

appears consistent with the RPA estimate given above.

As the gate voltage is swept, two distinct changes occur,

both of which can cause spectral scrambling. The first is

that the number of electrons and size of the dot change;

the second is that the shape of the dot changes due to lo-

cal movement of the boundary at the position of the gate.

This second effect was considered recently in Ref. [16] to

explain the nearly Gaussian peak-spacing distribution seen

in several experiments [11,12,14]. The two effects can be

separated using a dot with two plunger gates, which allows

pure shape distortion without changing N by increasing

one gate voltage and decreasing the other. In practice, it

is easier to raster over the two gate voltages, as seen in

Fig. 3(a). Horizontal and vertical directions correspond to

single-gate CB measurements, while a downward diagonal

following a single peak corresponds to pure shape distor-

tion with fixedN . Correlations in the same dot measured

at fixedN (measured along diagonals) and changingN
(measured along horizontals) can be compared by evaluat-

ing both correlations in terms of Vg1 rather than n. Com-

FIG. 2. Peak height correlations C!n" at 45, 100, 200, 300,
and 400 mK for (a) dot 1 and (b) dot 2. (c) Temperature
dependence of correlation length nc for different device
configurations, and numerical RMT result. Inset: Gray-scale
plots of conductance for three successive CB peaks, showing
paired peaks i and i 1 1, presumably a spin pair.

paring C!DVg1" for the two cases [Fig. 3(b)] shows that
the correlation length associated with shape deformation is

larger by a factor of #4 than that associated with a chang-
ing N . This indicates that the saturation of nc (scram-

bling) is dominated by changes in electron number rather

than by shape distortion. Further work is needed to deter-

mine if this result is universally true, but it appears to hold

in a variety of gate-confined dots that we have measured.

FIG. 3. (a) Gray-scale conductance plot of CB peaks as a
function of Vg1 and Vg2 from device shown in inset of (b), with
D # 23 meV, at 90 mK. The appearance of peaks as short
vertical bars reflects the coarser sampling of Vg2 compared to
Vg1; the patterns of connected bars moving up and to the right
are an artifact of this display. (b) Correlation function C!DVg1"
of peak height fluctuations for fixed N (dashed curve) and
fixed Vg2 (changing N , solid curve).
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The temperature dependence of Coulomb blockade peak height correlation is used to investigate
how adding electrons to a quantum dot alters or “scrambles” its electronic spectrum. Deviations from
finite-temperature random matrix theory with an unchanging spectrum indicate spectral scrambling after
a small number of electrons are added. Enhanced peak-to-peak correlations at low temperature are
observed. Peak height statistics show similar behavior in several dot configurations despite significant
differences in correlations. [S0031-9007(98)07944-7]
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Electron transport through irregular quantum dots—i.e.,
micron-scale islands of confined charge weakly connected
to electronic reservoirs—are expected to, and in some
cases actually do, exhibit universal statistics associated
with quantum chaos [1]. An example where theory and
experiment agree well is the distribution of Coulomb
blockade (CB) peak heights [2–5]. At temperatures T that
are much smaller than the mean level spacing of the dot D,
transport on a CB peak is mediated by resonant tunneling
through a single level [6,7]. Large fluctuations in CB peak
heights in this regime reflect the fluctuating strength of
coupling of the chaotic wave function in the dot to the
modes in the leads, leading to universal statistics sensitive
only to time-reversal symmetry [2,3], in good agreement
with experiment [4,5].
At higher temperatures, D , kBT , EC , where EC is

the classical charging energy, each CB peak contains
contributions from !kBT"D quantum levels, and one
would expect roughly this number of adjacent peaks to be
correlated in height. This assumes that the spectrum of
the dot does not change as electrons are added. On the
other hand, if adding electrons alters the spectrum, then
the correlation length in peak number, nc, will not grow
beyond a certain value, m, which roughly measures (but
is not equivalent to) the number of added electrons needed
to completely “scramble” the electronic spectrum.
This Letter presents measurements of the temperature

dependence of the CB peak-to-peak height correlation and
peak height statistics for gate-confined GaAs quantum
dots, and compares these results to finite temperature ran-
dom matrix theory (RMT) calculations that neglect spec-
tral scrambling [8]. We find that the number of correlated
peaks nc#T $ saturates at m ! 2 5, with smaller dots satu-
rating at smaller m. At the low temperature end, we find
that nc#T $ is larger than the value predicted by RMT. That
is, correlations in peak heights beyond thermal smearing

exist for reasons that are not clear. Some possible expla-
nations are considered below.
In contrast to the dependence on dot configuration found

for the peak height correlations [as reflected in nc#T $ and
m], peak height statistics are found to be very similar for
all device configurations. This suggests that peak statistics
are more robustly “universal” than peak correlations, not
surprising considering that distributions are not sensitive
to spectral scrambling. The ratio of the standard deviation
to the mean of peak heights is found to be smaller than
predicted, possibly due to the effects of decoherence.
What does one expect to be the effect of adding electrons

on the spectrum of a quantum dot? In the limit of
weak electron-electron interactions (and neglecting shape
deformations caused by changing gate voltages) a fixed
spectrum of single-particle states is simply filled one at
a time, leading to nc#T$ ! kBT"D and m ¿ 1. In the
opposite limit of strong interactions, the spectrum could be
totally scrambled with the addition of each electron, giving
m ! 1. For a GaAs quantum dot containing many (!100
or more) electrons, RPA calculations [9,10] (appropriate
for weak interactions) indicate that fluctuations in the
ground state energy due to interactions are small, of
order rsg21"2D where g is the dimensionless conductance
of the dot and rs is the so-called gas parameter, the
ratio of potential to kinetic energy of the electrons (rs !
1 2 in GaAs heterostructures). For a ballistic-chaotic
dot containing N electrons g ! N 1"2, giving a rough
estimate for the number of electrons needed to scramble the
spectrum, 1 , m & N 1"2"r2

s , assuming that fluctuations
accumulate randomly as electrons are added to the dot.
Measurements of CB peak spacing statistics have in

some cases found rms fluctuations in EC as large as 15%
[11,12], consistent with classical estimates [13] and nu-
merics [11] for strong interactions (where RPA fails), sug-
gesting that one or a few electrons can significantly alter

5900 0031-9007"98"81(26)"5900(4)$15.00 © 1998 The American Physical Society



“weak localization” of coulomb blockade
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T* ~ Δ N4
Below T*, quasiparticles cannot decay

Δ ~ 0.07 K for Area = 1 µm
Δ ~ 0.7 K for Area = 0.1 µm
Δ ~ 7 K for Area = 0.01 µm
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peaks are thermally broadened and have a height go !
!p"2kT# $G1G2"!G1 1 G2#% [16]. For chaotic or disor-
dered dots, universal spatial statistics of wave functions
allow full distributions of CB peak heights to be calcu-
lated for both broken !B fi 0# and unbroken !B ! 0# time-
reversal symmetry [16,17]. These distributions have been
observed experimentally [18,19], with good agreement be-
tween theory and experiment.

Although not emphasized in these earlier papers, it
is readily seen that the two distributions have differ-
ent averages. Introducing a dimensionless peak height
a ! !1"&G'# $G1G2"!G1 1 G2#% and assuming equivalent
leads, &G2' ! &G1' ( &G', one finds &a'B!0 ! 1"4 and
&a'Bfi0 ! 1"3. The resulting difference in average CB
peak heights for the two distributions, normalized by the
average peak height at B fi 0,

dg̃o ! dgo"&go'Bfi0 !
&go'Bfi0 2 &go'B!0

&go'Bfi0
, (1)

is then given by dg̃o ! !&a'Bfi0 2 &a'B!0#"&a'Bfi0 !
1"4. While the peak heights themselves are explicitly
temperature dependent, this normalized difference, dg̃o ,
does not depend on temperature in the absence of inelastic
processes [11,15].

The absence of explicit temperature dependence of dg̃o
is not limited to the regime kT ø D. As long as trans-
port through the dot is dominated by elastic scattering
[Gel ¿ Gin, where Gel ! !G1 1 G2# is the broadening
due to escape and Gin includes all inelastic processes],
the normalized difference in averages does not change
even for kT ¿ D; i.e., the result dg̃o ! 1"4 is not af-
fected by thermal averaging. This remains valid as long as
kT , !Eth, Ec#, where Eth ) h̄"tcross is the Thouless en-
ergy (inverse crossing time), and Ec is the charging energy
of the dot.

As discussed in Ref. [11], the result dg̃o ! 1"4 is re-
duced when inelastic processes dominate transport. In
particular, when Gel ø Gin, dg̃o!T# ! 0 for kTe"D ! `
[see Fig. 2(b)]. The difference in temperature depen-
dence of dg̃o between Gel ø Gin and Gel ¿ Gin arises
because, for inelastic transport, &go' ~ &G1' &G2'"!&G1' 1
&G2'# (the G’s are averaged individually), whereas for elas-
tic transport, &go' ~ &G1G2"!G1 1 G2#' (the entire frac-
tion is averaged) [11]. It is this difference in behavior of
dg̃o!T# that we use to characterize the relative strength of
inelastic processes.

Previous experiments investigating inelastic broadening
of levels in nearly isolated quantum dots have focused
on the relaxation of excited states, identifying a transition
from a discrete to a continuous level spectrum at e . Eth
[20–22]. Other experiments have investigated phonon-
mediated inelastic scattering between coupled quantum
dots [23]. To our knowledge, the only experiment ad-
dressing ground state (i.e., low bias, eVbias , D) transport
through a nearly isolated dot !eVbias , D# is the quantum-
dot-in-a-ring measurements of Yacoby et al. [24]. These
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FIG. 2. (a) Average peak height as a function of perpendicu-
lar magnetic field, normalized by the average at B fi 0, for the
0.7 mm2 dot at Te ! 45 mK. The theoretical curve (dashed
curve) has one adjustable parameter, setting its width [15].
(b) Normalized change in average peak height at B ! 0, dg̃o ,
at several temperatures, Te , for all dots measured, along with
theoretical values of dg̃o when either elastic (solid curve) or in-
elastic (dashed curve) transport dominate [11]. Note crossover
from solid to dashed curve around kTe"D ) 1.

authors inferred a dephasing time tw . 10 ns based on
the dwell time in the dot which is somewhat longer than
found in an open dot experiment that used weak localiza-
tion [4]. The discrepancy hints at a possible enhancement
of tw due to confinement. However, since the two experi-
ments are quite different, a direct comparison of values
may not be appropriate.

We report measurements for four different sized
quantum dots formed in a two-dimensional electron gas
(2DEG), defined using Cr-Au lateral depletion gates
on the surface of a GaAs"AlGaAs heterostructure (see
Table I). All dots were made from the same wafer,
which has the 2DEG interface 90 nm below the surface.
The electron density )2.0 3 1011 cm22 and mobility
)1.4 3 105 cm2"V s yield a transport mean free path
)1.5 mm. The experiment was performed in a dilution
refrigerator with base electron temperature Te ! 45 mK,
measured directly using the width of CB peaks [25].

CB peak heights were measured by sweeping one of
the gate voltages, Vg, over many peaks while simultane-
ously trimming the gate voltages that control lead conduc-
tances to maintain a constant average transmission with
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The study of quantum coherence in small electronic
systems has been the subject of intense attention in the
last few years, motivated both by questions of fundamen-
tal scientific interest concerning sources of decoherence
in materials [1–5], and by the possibility of using solid
state electronic devices to store and manipulate quantum
information [6,7].

Taking advantage of quantum coherence in the solid
state requires a means of isolating the device from various
sources of decoherence, including coupling to electronic
reservoirs. In this context, we have investigated coherent
electron transport through quantum dots weakly coupled to
reservoirs via tunneling point-contact leads. In this nearly
isolated regime, it is expected theoretically that inelastic
relaxation due to e-e interactions will vanish below a tem-
perature that is parametrically larger than the mean quan-
tum level spacing in the dot, D [8–10].

It is not obvious, however, how to measure coherence
in nearly isolated electronic structures. In this Letter, we
introduce a novel method, applicable in this regime, that
uses the change in average Coulomb blockade (CB) peak
height upon breaking time-reversal symmetry as the metric
of quantum coherence within the dot. By comparing our
data to a model of CB transport that includes both elastic
and inelastic transport processes [11], we find inelastic
rates that are consistent with dephasing rates t21

w in open
quantum dots measured using ballistic weak localization
[4]. Extracting precise values for inelastic scattering rates
using this method appears possible, but it would require a
quantitative theory of the crossover from elastic to inelastic
tunneling [12].

When a quantum dot is connected to reservoirs (la-
beled 1, 2) via leads with weak tunneling conductance,
g1,2 ø 1 (in units of e2!h), transport is dominated by
Coulomb blockade, which suppresses conduction except
at specific voltages on a nearby gate. The result is a se-
ries of evenly spaced, narrow conduction peaks as the gate
voltage is swept, as seen in Fig. 1. In this regime, the usual
techniques for extracting electron decoherence from trans-

port measurements, for instance, using weak localization
[13,14], are not applicable. Instead, we take advantage of
an analog of weak localization that reflects a sensitivity of
the spatial statistics of wave functions to the breaking of
time-reversal symmetry. As in conventional weak localiza-
tion, this effect changes the average conductance—or in
the present context, the average CB peak height — upon
breaking time-reversal symmetry with a weak magnetic
field [11,15].

At low temperatures, CB peak heights fluctuate con-
siderably, as seen in Fig. 1, reflecting a distribution of
tunneling strengths between the quantum modes in the dot
and the leads. When G1, G2 ø kT ø D, where G1"2# !
g1"2#D!2p are the couplings to the leads, transport oc-
curs via a single eigenstate of the dot. In this case, CB
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FIG. 1. Coulomb blockade peaks at electron temperature
Te ! 45 mK, for the 0.7 mm2 device at (a) B ! 0 and
(b) B ! 15 mT. Every second peak was measured, as peak-to-
peak correlations made measuring each peak inefficient.
(c),(d) Peak heights, extracted from (a),(b). Horizontal lines
show average peak height, indicating suppression of average
height at B ! 0.
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TABLE I. Device parameters for the four quantum dots mea-
sured: dot area, A, assuming 100 nm depletion at edges; mean
spacing of spin-degenerate levels, D ! 2p h̄2!m!A, where m!

is the effective mass; number of electrons in the dot, N " nA,
where n ! 2 3 1011 cm22 is the 2DEG density; Thouless en-
ergy, Eth; charging energy Ech; and energy e!! below which
dephasing times due to e-e interactions are predicted to diverge
(see text).

Area D Eth Ec e!!

#mm2$ #meV$ N #meV$ #meV$ #meV$

0.25 28 400 250 400 75
0.7 10 1400 150 290 32
3 2.4 6000 75 110 10
8 0.9 16 000 45 65 5

balanced leads throughout the sweep. This allowed the
collection of "50 peaks in the smallest dot and hundreds
of peaks in larger dots (see Fig. 1). Additional ensembles
were then collected by making small changes to the dot
shape using other gates. Average peak heights, %go&, were
extracted from these data, collected as a function of per-
pendicular magnetic field and normalized by their averages
away from B ! 0. Figure 2(a) shows that the functional
form for the normalized average peak height, % g̃o#B$& !
%go#B$&!%go&Bfi0, calculated within random matrix theory
[15], agrees well with the experimental values. % g̃o#B$&
was measured at several temperatures in each device, and
dg̃o#Te$ was extracted for each. These are presented in
Fig. 2(b), together with the predicted temperature depen-
dences for dg̃o#Te$ when either elastic or inelastic trans-
port dominate [11]. Except where otherwise noted, the
point contacts were set to give %go&Bfi0 " 0.05, though
different dot shapes had average peak height that varied
by up to 50%. The data in Fig. 2(b) represent averages
over several ensembles at each temperature.

In the 0.25 mm2 dot at Te ! 45 mK and 70 mK, dg̃o
was consistent with 1!4 as expected since kTe ø D for
both temperatures. In this regime, one cannot distin-
guish between elastic and inelastic scattering since both
mechanisms give dg̃o ' 1!4. In the 0.7 mm2 device at
45 mK, we again find dg̃o " 0.25. In this dot, however,
45 mK corresponds to kTe!D " 0.5. For Gin ¿ Gel, a
ratio kTe!D " 0.5 gives a predicted value for the aver-
age peak height difference of dg̃o " 0.13 [see the dashed
curve in Fig. 2(b)] whereas, for Gel ¿ Gin, dg̃o ! 0.25
for all values of kTe!D [solid line in Fig. 2(b)]. We there-
fore conclude that Gin , Gel in the 0.7 mm2 device at
45 mK, when the point contact transmissions are set so
that %go& " 0.05. We can extract Gel from average peak
height %go& using the equation Gel " %go&D, valid in the
regime kTe * D [16]. For %go& " 0.05 in the 0.7 mm2

device, this gives Gel " 0.5 meV, and we therefore con-
clude Gin , 0.5 meV at 45 mK.

Similarly, we can observe for each dot (with different
values of D), at each temperature, whether transport is
principally elastic or inelastic, or whether the two rates

are comparable. Measurements of % g̃o#B$& in the 0.7 mm2

device at 45, 70, and 200 mK are shown in Fig. 3, with
the extracted values of dg̃o#T$ shown in the inset. For
the 0.7 mm2 device, we find that Gel . Gin at 45 and
70 mK, whereas by 200 mK the crossover to the lower
curve #Gel , Gin$ has begun, presumably because Gin in-
creases at higher temperature. We infer that a 0.7 mm2 de-
vice at 200 mK is in the crossover regime Gin " 0.5 meV.

We observe a similar crossover from Gel . Gin to Gel ,
Gin by changing Gel at a fixed temperature. Figure 4 shows
% g̃o#B$& in the 0.7 mm2 device at 200 mK for three differ-
ent settings of the point contacts, ranging from %go&Bfi0 !
0.016 to %go&Bfi0 ! 0.057; the extracted values for dg̃o
are shown in the inset. Despite significant statistical un-
certainty, it is clear that dg̃o decreases as Gel decreases.
We note that in the same device at 45 and 70 mK there
is no change in dg̃o over the same range of point con-
tact transmissions, within experimental uncertainty. This is
presumably because Gin is lower at these temperatures, and
Gel . Gin for all point contact transmissions measured.

One expects inelastic scattering due to electron-electron
interactions to be strongly suppressed in isolated quantum
dots for kT , e!!, where e!! " N1!4D for ballistic
chaotic dots containing N electrons [8–10]. Because
this suppression is not expected to occur in open dots,
it is useful to compare the constraints on inelastic rates
discussed above for nearly isolated dots with experimental
values of the phase coherence time tw measured in open
dots [4]. Although there may be dephasing mechanisms
that do not involve inelastic processes, the inelastic
scattering rate should provide a lower bound for the
dephasing rate t21

w . Dephasing rates extracted from weak
localization in open quantum dots are found to be well
described by the empirical relation h̄!tw#Te$ " 0.04kTe
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FIG. 3. Normalized average peak height as a function of per-
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theoretical curves from Ref. [11]. Note the crossover from the
solid to the dashed curve at Te " 200 mK.
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FIG. 4. Normalized average peak height as a function of per-
pendicular magnetic field, for the 0.7 mm2 dot at Te ! 200 mK
for three settings of the point contacts. The inset shows dg̃o
for setting, along with theoretical curves from Ref. [11]. As Gin
is decreased by closing point contacts, experimental dg̃o moves
away from the solid curve !Gel . Gin" toward the dashed curve
!Gel , Gin", as one would expect.

over the range of temperatures #70 300 mK, indepen-
dent of dot size [4]. For the closed dots we again may
use Gel # $go%D, giving a ratio of elastic scattering
rate to dephasing rate in the corresponding open dots
Gel&!h̄&tw" # !$go%&0.04"kTe&D. If, for the sake of
comparison, we identify Gin with h̄&tw, we would then
expect for $go%Bfi0 # 0.05 a ratio Gel&Gin # kTe&D,
suggesting a crossover between the curves in Fig. 2(b)
for kTe&D # 1. The data in Fig. 2(b) do show a
crossover in the vicinity of kTe&D # 1, consistent with
the identification G

!closed"
in # !h̄&tw "!open". For a more

quantitative comparison between dephasing in open dots
and inelastic scattering through nearly isolated dots, one
would need a theoretical calculation of dg̃o in the regime
Gel # Gin [12].

We do not see evidence for the predicted [8–10] diver-
gence of the coherence time for kTe&D , N 1&4 # 5. A
possible explanation is that electron-electron interactions
are not the primary dephasing mechanism in our system.
Several other mechanisms have been proposed, includ-
ing external radiation [3,26], two-level systems [27], and
nuclear spins [28]. We cannot, however, rule out some
enhancement of coherence due to confinement at a level
reported in [24]. The lack of a quantitative theory in the
crossover regime Gin # Gel prevents us from extracting
exact values for Gin from our data.
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FIG. 4. Normalized average peak height as a function of per-
pendicular magnetic field, for the 0.7 mm2 dot at Te ! 200 mK
for three settings of the point contacts. The inset shows dg̃o
for setting, along with theoretical curves from Ref. [11]. As Gin
is decreased by closing point contacts, experimental dg̃o moves
away from the solid curve !Gel . Gin" toward the dashed curve
!Gel , Gin", as one would expect.

over the range of temperatures #70 300 mK, indepen-
dent of dot size [4]. For the closed dots we again may
use Gel # $go%D, giving a ratio of elastic scattering
rate to dephasing rate in the corresponding open dots
Gel&!h̄&tw" # !$go%&0.04"kTe&D. If, for the sake of
comparison, we identify Gin with h̄&tw, we would then
expect for $go%Bfi0 # 0.05 a ratio Gel&Gin # kTe&D,
suggesting a crossover between the curves in Fig. 2(b)
for kTe&D # 1. The data in Fig. 2(b) do show a
crossover in the vicinity of kTe&D # 1, consistent with
the identification G

!closed"
in # !h̄&tw "!open". For a more

quantitative comparison between dephasing in open dots
and inelastic scattering through nearly isolated dots, one
would need a theoretical calculation of dg̃o in the regime
Gel # Gin [12].

We do not see evidence for the predicted [8–10] diver-
gence of the coherence time for kTe&D , N 1&4 # 5. A
possible explanation is that electron-electron interactions
are not the primary dephasing mechanism in our system.
Several other mechanisms have been proposed, includ-
ing external radiation [3,26], two-level systems [27], and
nuclear spins [28]. We cannot, however, rule out some
enhancement of coherence due to confinement at a level
reported in [24]. The lack of a quantitative theory in the
crossover regime Gin # Gel prevents us from extracting
exact values for Gin from our data.
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Dephasing of one-particle states in closed quantum dots is analyzed within the framework of random
matrix theory and the master equation. The combination of this analysis with recent experiments on the
magnetoconductance allows, for the first time, the evaluation of the dephasing times of closed quantum
dots. These dephasing times turn out to be dependent on the mean level spacing and significantly en-
hanced as compared with the case of open dots. Moreover, the experimental data available are consistent
with the prediction that the dephasing of one-particle states in finite closed systems disappears at low
enough energies and temperatures.
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Quantum coherence of electrons in closed quantum dots
has attracted much interest in recent years [1–5]. Electron-
electron interactions are believed to be one of the main
sources of dephasing in disordered systems at low tem-
peratures. Compared to low-dimensional metals and semi-
conductors [6], substantial modifications of this dephasing
mechanism are caused by the confinement of the quantum
dot which leads to discrete energy levels. In particular,
the dephasing rate was predicted [2] to disappear at low
excitation energies, e , D

p

g! lng, where D is the mean
level spacing and g is the dimensionless conductance of
the dot.

Whereas there are a number of ways to measure the de-
phasing times in open quantum dots [7,8], the situation is
much more complicated in closed dots. Only a few experi-
ments have attempted to study dephasing in closed quan-
tum dots. Most of these have focused on the relaxation
of highly excited states, verifying the continuous to dis-
crete spectrum transition at e ~ gD [3]. Some signatures
of dephasing in thermalized states have been studied by
Patel et al. [9], who analyzed the statistical distribution of
the conductance maxima Gmax (the height of the Coulomb
blockade peaks). They found that the ratio of standard de-
viation to mean peak height s"Gmax#!$Gmax% is smaller
than what random matrix theory (RMT) predicts [10], and
attributed this reduction to dephasing effects. More re-
cently, Folk et al. [4] suggested to use the dependence of
the conductance upon applying a magnetic field B,

a ! "$Gmax%Bfi0 2 $Gmax%B!0#!$Gmax%Bfi0 , (1)

as a probe of dephasing times. This is the closed dot
analog of the weak localization magnetoconductance
which was analyzed earlier for open dots [7]. RMT
predicts a ! 1!4 [11,12], while Folk et al. measured
considerably lower values of a, down to a & 0 for
the largest quantum dot with the maximal ratio kBT!D
(T is the temperature, kB is the Boltzmann constant)
interactions. Beenakker et al. [5] theoretically analyzed

the situation in which the phase-breaking inelastic re-
laxation rate Gin [13] far exceeds the mean tunneling
rate (inverse dwell time in the dot) G. It turns out that,
in this limit, a is reduced much stronger than found
experimentally. Thus, they concluded that in the experi-
ment [4] Gin , G. However, as noted in Refs. [4,5], the
lack of a quantitative theory of the crossover regime,
Gin ' G, prevents a full analysis of the experimental
results.

In this Letter, we study theoretically the effect of arbi-
trary inelastic scattering on the conductance of a closed
quantum dot. We develop an analytical approach that al-
lows one to evaluate a [Eq. (1)] and compare the results to
the numerical solution. The approximate results are found
to reasonably describe the behavior in the experimentally
relevant temperature regime. Our calculations allow one,
for the first time, to extract dephasing times of low lying
(thermally excited) states in closed quantum dots. We ob-
serve a clear enhancement of the dephasing times relative
to earlier results for open quantum dots [7]. Moreover,
contrary to the analysis of open quantum dots [7] which
showed a dependence on temperature alone, we find a de-
pendence on both T and D. From our analysis it follows
that the measurements of Folk et al. [4] are not inconsistent
with a vanishing dephasing rate for low excitation energies
[2]. A more detailed presentation of the calculation will be
given in [14].

In the experimentally relevant regime h̄Gin, h̄G ,
kBT , D, each state of the quantum dot is determined by
a tuple (ni) of occupation numbers for the single particle
eigenstates with energies Ei and spins Si . The electrons
can tunnel between the dot and the two leads. The left "L#
and right "R# leads differ due to the applied voltage V . The
elctrons in the leads are thermalized and distributed ac-
cording to the Fermi function fFD"E# ! *1 1 eE!"kBT#+21.
The probability PN "(ni)# to find a given set of occupation
numbers (ni) with a total of N electrons (restricted to
N [ (N , N 1 1) due to the Coulomb blockade) obeys
the following master equation [15]:
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a constant C̄ !
P

j fj!1 2 fj"C! j"#$
P

j fj!1 2 fj"% in
Eqs. (7) and (2) This leads to a self-consistent solution of
the master equation with the result [14]

G !
e2

kBT
Peq!N"

øø

GL
i ttot

i

µ

GR
i 1

G!
in&&GR

j ttot
j ''

&&!GL
j 1 GR

j "ttot
j ''

!¿¿

,

(8)

where ttot
i ! !GL

i 1 GR
i 1 G!

in"21. One would obtain the
same form (8) but with &&· · ·'' !

PM
j!1 . . . considering M

degenerate levels filled with N [ (0, 1) electrons.
The result (8) can be interpreted in the following way:

The first term represents processes in which the elec-
tron was not scattered at all. These happen with proba-
bility !GL

i 1 GR
i "ttot

i and the resulting conductance peak
heights are proportional to !GL

i GR
i "#!GL

i 1 GR
i "; yielding

GL
i GR

i ttot
i altogether. The second term represents contribu-

tions from electrons that were inelastically scattered after
tunneling from one lead, and their contribution to the con-
ductance is &&GR

j ttot
j ''#&&!GL

j 1 GR
j "ttot

j ''.
Equation (8) is the main result of this paper. It is

based on an approximation (7) which can be justified in
the high-temperature limit. The particular advantage of
this approach is that it gives not only the correct leading
high-temperature behavior [Eq. (5)] but also reproduces
correctly the limits Gin ! 0 and Gin ! ` for all T in-
cluding a ! 1#4 at T ! 0. Below, we demonstrate that
this approach works pretty well in the intermediate regime
kBT * D.

In order to calculate G and a, one has to average Eq. (8)
with respect to the different ensembles. One could do so
numerically, but it is possible to get analytical results via
expanding Eq. (8) in powers of D#kBT [14]. The first
three terms in the D#kBT expansion [or more specifically
in 1#

P

j fj!1 2 fj", which is ~ D#kBT at large T] al-
ready give good accuracy in the relevant regime kBT . D
and are employed in the following. As we are interested
in this regime, we assumed a picket fence distribution
with spacing D between consecutive spin-degenerate lev-
els (E2j ! E2j21 ! jD; Gl

2j ! Gl
2j21; G

l
j ! G#2).

We tested the range of validity of this high-temperature
approximation against the numerical solution [18] of the
master equations (2). The latter is obtained by solving the
master equation (2) by sparse matrix inversion [18]. Fig-
ure 1 compares values of a, as calculated using the first
three terms in the D#kBT expansion, with the numerical
values. The agreement is very good for sufficiently high
temperatures, and reasonable even for low T . In the whole
temperature regime, the deviations are within current ex-
perimental accuracy.

It, thus, appears that our analytical approach provides
a reliable way to determine Gin from the experimental
measurements of a, in the whole temperature regime. For
future experiments we provide Fig. 2, which presents a as
a contour plot in the space spanned by kBT#D and Gin#G.

A direct experimental test would be provided by mea-
suring values of a in a given dot at fixed T , as a function
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FIG. 1. Comparison of the numerical solution of the full mas-
ter equation with the high-temperature approximation. The latter
is seen to work well for kBT . D.

of G (which can be achieved by changing the contact set-
ting). The theoretical dependence of a on G involves a
single fitting parameter, i.e., the unknown total scattering
rate Gin which is assumed to be unaffected by the con-
tact setting. A first step in this direction was done in [4],
and in the inset of Fig. 3 we compare the prediction of our
high-temperature approximation with the measurements of
a for three different values of G. An excellent agreement
is obtained, though more data points are required for reli-
able conclusions.

We now use the above theory to extract dephasing times
from the data points (mean values and error bars) of Folk
et al. [4]. Figure 3 presents these estimates as symbols
and error bars, respectively, and compares them with open

1 10
! 

10$ 1

100

101

# in
/#

" =0.20

" =0.15

" =0.10

" =0.05

kBT/

FIG. 2. A contour plot of a as a function of D#kBT and Gin#G,
based on the high-temperature approximation. The values of the
bold contours are specified. Given T , D, and a from future
experiments, one can extract Gin#G from this figure.
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FIG. 3. Dephasing times, tf , as extracted from the data points
in Ref. [4] for four different dots: D ! 28 meV (circles, long-
dashed error bars), D ! 10 meV (squares, solid error bars), D !
2.4 meV (up-triangles, dashed error bar), and D ! 0.9 meV
(dot-dashed error bar); dotted line: fit to open dot experiments
as calculated in [7]. Error bars which extend up (down) beyond
the graph should be understood as going up to infinity (down
to zero); if no corresponding point is visible, the experimental
mean value itself gives tf ! ` (or tf ! 0). In the inset, we
fit experimental measurements for different values of G [4] with
our theory. The single fitting parameter is h̄Gin ! 0.25 meV, or
tf ! 16 ns.

dot values [7]. A clear enhancement of the dephasing
times compared to open dots is observed. In addition,
dephasing times strongly depend on D (as can be seen at
T ! 45 mK). This is in contrast to open dot results [7].
An additional suppression of a for kBT , D, resulting
from level-spacing fluctuations [14,17], was not included
in our analysis, and therefore our results underestimate
the dephasing times for kBT , D. In addition, the result
for the D ! 0.9 meV quantum dot, which is consistent
with tf ! 0, should be interepreted carefully since the
result implies h̄Gin . D and the master equation is not
applicable anymore. Based on our analysis, the recent
experiment [4], measuring dephasing in closed quantum
dots is consistent with dephasing due to electron-electron
interaction alone, including the prediction of the critical
vanishing of dephasing rate. However, given the large
error bars of the current experimental data, one cannot
exclude an algebraic behavior or even a saturation of the
dephasing rates for T ! 0. Nevertheless, the behavior is
clearly different from that of open quantum dots [7] and is
D dependent.

In conclusion, we provide a theoretical approach to ex-
tract the inelastic scattering rate in closed dots based on
measurements of the weak-localization correction a. Ana-
lyzing a recent experiment by Folk et al. [4], we see a
clear enhancement of the dephasing time compared with

open dot values. There is no inconsistency with theoreti-
cal predictions for electron-electron interaction, in particu-
lar, a vanishing dephasing rate at a critical D-dependent
temperature. We note, however, that the available experi-
mental data is limited and has considerably statistical un-
certainties. Future experiments are necessary, and we offer
Fig. 2 to extract the temperature and level-spacing depen-
dence of the inelastic scattering rate and to thoroughly test
the prediction of a diverging dephasing time.

We are happy to acknowledge intensive and very helpful
discussions with Igor Aleiner, Joshua Folk, and Charles
Marcus. This work has been supported by ARO, DARPA,
and the Alexander von Humboldt foundation.
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[10] Y. Alhassid, M. Gökçedağ, and A. D. Stone, Phys. Rev. B
58, R7524 (1998).

[11] A. Jalabert, A. D. Stone, and Y. Alhassid, Phys. Rev. Lett.
68, 3468 (1992).

[12] Y. Alhassid, Rev. Mod. Phys. 72, 895 (2000).
[13] Note that other processes such as, e.g., adiabatic noise, can

also reduce a while preserving phase coherence.
[14] K. Held, E. Eisenberg, and B. L. Altshuler (to be

published).
[15] C. W. J. Beenakker, Phys. Rev. B 44, 1646 (1991).
[16] I. L. Aleiner, P. W. Brouwer, and L. I. Glazman, Phys. Rep.

358, 309 (2002).
[17] In the temperature regime 0.1D , T , D, differences be-

tween the level spacing distribution of the Gaussian orthog-
onal and unitary ensemble lead to a significant reduction
from the value a ! 1!4 (down to a " 0.2) [14]. This
effect alone can explain the suppression of a in the ex-
periment [4] for kBT , D.

[18] For kBT , 1.6D, we took into account all configura-
tions #ni$ which involve levels in %24kBT , . . . , 4kBT &
with Peq#ni$! min#ni $ Peq#ni$ . exp'25D!kBT (; for
kBT . 1.6D, the interval was %23kBT , . . . , 3kBT & and the
exponential cutoff 24.5D!kBT (see [14] for details).

136801-4 136801-4

VOLUME 87, NUMBER 20 P H Y S I C A L R E V I E W L E T T E R S 12 NOVEMBER 2001

TABLE I. Device parameters for the four quantum dots mea-
sured: dot area, A, assuming 100 nm depletion at edges; mean
spacing of spin-degenerate levels, D ! 2p h̄2!m!A, where m!

is the effective mass; number of electrons in the dot, N " nA,
where n ! 2 3 1011 cm22 is the 2DEG density; Thouless en-
ergy, Eth; charging energy Ech; and energy e!! below which
dephasing times due to e-e interactions are predicted to diverge
(see text).

Area D Eth Ec e!!

#mm2$ #meV$ N #meV$ #meV$ #meV$

0.25 28 400 250 400 75
0.7 10 1400 150 290 32
3 2.4 6000 75 110 10
8 0.9 16 000 45 65 5

balanced leads throughout the sweep. This allowed the
collection of "50 peaks in the smallest dot and hundreds
of peaks in larger dots (see Fig. 1). Additional ensembles
were then collected by making small changes to the dot
shape using other gates. Average peak heights, %go&, were
extracted from these data, collected as a function of per-
pendicular magnetic field and normalized by their averages
away from B ! 0. Figure 2(a) shows that the functional
form for the normalized average peak height, % g̃o#B$& !
%go#B$&!%go&Bfi0, calculated within random matrix theory
[15], agrees well with the experimental values. % g̃o#B$&
was measured at several temperatures in each device, and
dg̃o#Te$ was extracted for each. These are presented in
Fig. 2(b), together with the predicted temperature depen-
dences for dg̃o#Te$ when either elastic or inelastic trans-
port dominate [11]. Except where otherwise noted, the
point contacts were set to give %go&Bfi0 " 0.05, though
different dot shapes had average peak height that varied
by up to 50%. The data in Fig. 2(b) represent averages
over several ensembles at each temperature.

In the 0.25 mm2 dot at Te ! 45 mK and 70 mK, dg̃o
was consistent with 1!4 as expected since kTe ø D for
both temperatures. In this regime, one cannot distin-
guish between elastic and inelastic scattering since both
mechanisms give dg̃o ' 1!4. In the 0.7 mm2 device at
45 mK, we again find dg̃o " 0.25. In this dot, however,
45 mK corresponds to kTe!D " 0.5. For Gin ¿ Gel, a
ratio kTe!D " 0.5 gives a predicted value for the aver-
age peak height difference of dg̃o " 0.13 [see the dashed
curve in Fig. 2(b)] whereas, for Gel ¿ Gin, dg̃o ! 0.25
for all values of kTe!D [solid line in Fig. 2(b)]. We there-
fore conclude that Gin , Gel in the 0.7 mm2 device at
45 mK, when the point contact transmissions are set so
that %go& " 0.05. We can extract Gel from average peak
height %go& using the equation Gel " %go&D, valid in the
regime kTe * D [16]. For %go& " 0.05 in the 0.7 mm2

device, this gives Gel " 0.5 meV, and we therefore con-
clude Gin , 0.5 meV at 45 mK.

Similarly, we can observe for each dot (with different
values of D), at each temperature, whether transport is
principally elastic or inelastic, or whether the two rates

are comparable. Measurements of % g̃o#B$& in the 0.7 mm2

device at 45, 70, and 200 mK are shown in Fig. 3, with
the extracted values of dg̃o#T$ shown in the inset. For
the 0.7 mm2 device, we find that Gel . Gin at 45 and
70 mK, whereas by 200 mK the crossover to the lower
curve #Gel , Gin$ has begun, presumably because Gin in-
creases at higher temperature. We infer that a 0.7 mm2 de-
vice at 200 mK is in the crossover regime Gin " 0.5 meV.

We observe a similar crossover from Gel . Gin to Gel ,
Gin by changing Gel at a fixed temperature. Figure 4 shows
% g̃o#B$& in the 0.7 mm2 device at 200 mK for three differ-
ent settings of the point contacts, ranging from %go&Bfi0 !
0.016 to %go&Bfi0 ! 0.057; the extracted values for dg̃o
are shown in the inset. Despite significant statistical un-
certainty, it is clear that dg̃o decreases as Gel decreases.
We note that in the same device at 45 and 70 mK there
is no change in dg̃o over the same range of point con-
tact transmissions, within experimental uncertainty. This is
presumably because Gin is lower at these temperatures, and
Gel . Gin for all point contact transmissions measured.

One expects inelastic scattering due to electron-electron
interactions to be strongly suppressed in isolated quantum
dots for kT , e!!, where e!! " N1!4D for ballistic
chaotic dots containing N electrons [8–10]. Because
this suppression is not expected to occur in open dots,
it is useful to compare the constraints on inelastic rates
discussed above for nearly isolated dots with experimental
values of the phase coherence time tw measured in open
dots [4]. Although there may be dephasing mechanisms
that do not involve inelastic processes, the inelastic
scattering rate should provide a lower bound for the
dephasing rate t21

w . Dephasing rates extracted from weak
localization in open quantum dots are found to be well
described by the empirical relation h̄!tw#Te$ " 0.04kTe
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FIG. 3. Normalized average peak height as a function of per-
pendicular magnetic field, for the 0.7 mm2 dot at several tem-
peratures. The inset shows dg̃o for each temperature, along with
theoretical curves from Ref. [11]. Note the crossover from the
solid to the dashed curve at Te " 200 mK.
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Distributions of Coulomb blockade peak spacings are reported for large ensembles of both unbroken
(magnetic field B ! 0) and broken (B fi 0) time-reversal symmetry in GaAs quantum dots. Both
distributions are symmetric and roughly Gaussian with a width of !2% 6% of the average spacing,
with broad, non-Gaussian tails. The distribution is systematically wider at B ! 0 by a factor of
!1.2 6 0.1. No even-odd spacing correlations or bimodal structure in the spacing distribution is found,
suggesting an absence of spin degeneracy. There is no observed correlation between peak spacing and
peak height. [S0031-9007(98)06083-9]

PACS numbers: 73.23.Hk, 05.45.+b, 73.20.Dx

For some time it has been appreciated that electron
transport in mesoscopic systems exhibits quantum inter-
ference effects with universal statistical features, and that
this universality can be associated with the underlying
universality of quantum chaos [1] and its mathematical
description in terms of random matrix theory (RMT) [2].
This approach has been successful in describing transport
in open quantum systems (i.e., systems with large con-
ductance, g . e2"h, to reservoirs) where a single-particle
picture apparently provides an adequate description of
the physics. Recent application of RMT to ground state
properties of nearly isolated quantum dots—in particular,
in characterizing the distributions of Coulomb blockade
(CB) conductance peak heights [3] has also been remark-
ably successful [4].
On the other hand, experiments by Sivan et al. [5] and

Simmel et al. [6] suggest that the most basic prediction of
RMT, namely, the famous Wigner surmise for the distri-
bution of level spacings, fails to describe the fluctuations
of Coulomb blockade peak spacing, implying that fluctua-
tions in the energy separation between adjacent ground
states of a quantum dot—the so-called addition spec-
trum—appear not to be distributed according to RMT. In
particular, these experiments [5,6] found CB peak spac-
ing fluctuations of order 0.1–0.15 of the average spacing,
larger than predicted by RMT assuming constant charging
energy EC ! e2"Cdot with the total capacitance of the dot
given by Cdot. The large fluctuations observed in the ex-
periment and supporting numerics led Sivan et al. [5] to
suggest that classical charging energy fluctuations propor-
tional to EC not included in RMT dominate peak spacing
fluctuations. On the other hand, recent random phase ap-
proximation (RPA) calculations led to the opposite conclu-
sion, that fluctuations due to charge rearrangement should
be smaller than [7] or of order [8] the mean single-particle

level spacing D, much smaller than EC . However, one
should use caution in applying these theories to semicon-
ductor quantum dots, since RPA breaks down at low elec-
tron densities where single-particle kinetic energies and
interparticle potential energies are comparable.
In this Letter, we present an extensive experimental

study of the spacings of CB peaks in GaAs quantum dots,
for both zero and nonzero magnetic field, including over
20 000 CB peaks measured in seven devices. We find that
the distributions of CB peak spacing fluctuations are not
well described by single-particle, spin-degenerate RMT
(SDRMT); the main discrepancy being the absence of bi-
modal structure in the measured distributions. Both B ! 0
and B fi 0 peak spacing distributions are roughly Gauss-
ian with non-Gaussian tails, in qualitative agreement with
[5,6]. In contrast to previous experiments, however, we
find that the width of the peak spacing distribution is nar-
row, comparable (once scaled) to the mean level spacing,
and shows the effects of time-reversal symmetry breaking
comparable to RMT predictions, suggesting that quantum
effects play a role in determining the distributions. We
also find no correlation between CB peak heights (reflect-
ing eigenfunction properties) and peak spacings (reflecting
eigenvalue properties).
Ground state energy fluctuations are measured using

the Coulomb blockade, which appears in quantum dots
with tunneling leads (left, right lead conductance gl , gr ,
2e2"h), when temperature T and source-drain voltage Vsd
are less than EC [9,10]. In this regime, dot conductance
is suppressed except when the #N 1 1$ and N electron
ground state energies of the dot differ by the chemical po-
tential of the leads; this degeneracy condition, when tuned
by a gate voltage Vg, produces a series of narrow conduc-
tance peaks nearly periodic in Vg. At very low temperature
and bias, #kBT , eVsd$ & D (we define D ! 2p h̄2"m!A

4522 0031-9007"98"80(20)"4522(4)$15.00 © 1998 The American Physical Society
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measurements were made using two-wire ac lock-in tech-

niques with a voltage bias of 5 mV at 11 Hz. The electron

base temperature, determined by fitting peak width ver-

sus temperature [10], was !100 mK for all devices. En-
semble statistics were collected by sweeping one gate volt-

age Vg over !20 peaks then incrementing magnetic field
or a second gate voltage to yield a new ensemble of peaks.

All data are based on relatively small CB peaks, in the

range "0.01 0.1#e2$h.
A typical scan of CB peaks is shown in Fig. 1(a). To

extract peak spacing, each peak is fit by a cosh22 form

[10] and spacing is determined from the centers of the fits

[Fig. 1(b)]. Since the average spacing decreases with in-

creasing N (reflecting an increasing Cdot), a running av-

erage %DVi
g& is found from the best fit line [dashed in

Fig. 1(b)] and used to define n ! "DVi
g 2 %DVi

g&#$%DVi
g&.

Experimental noise in the spacing distribution (for in-

stance, due to charge rearrangement in the doping layer),

given as snoise"n# in Table I, can be separated from real

spacing fluctuations by comparing measurements at op-

posite magnetic fields [Fig. 1(c)]. The noise snoise"n# is
defined as the distribution width of fluctuations antisym-

FIG. 1. (a) Coulomb blockade peaks (diamonds) at B !
30 mT as a function of gate voltage Vg for device 1 with
DSR ! 14 meV and EC ! 460 meV. Solid curve shows fits
to cosh22 line shape. Left inset: Detailed view of data and
fit on log-linear scale. Right inset: Micrograph of device 1;
other devices are similar. (b) Peak spacings extracted from
data in (a) at B ! 130 mT (diamonds) and B ! 230 mT
(open circles). Dashed line is best fit (to 130 mT data),
corresponding to %DVi

g&. (c) Dimensionless peak spacing

fluctuations, n ! "DVi
g 2 %DVi

g&#$%DVi
g&, as a function of gate

voltage Vg for data in (b). Differences between 630 mT data
indicated experimental noise. Normalized (spin-resolved) mean
level spacing DSR$EC indicated by vertical bar (see Table I).

metric in B and so would not include field independent

gate voltage induced charge rearrangement. While the

heights of nearby CB peaks show considerable correlation

[Fig. 1(a)], peak spacings appear uncorrelated [Figs. 1(b)

and 1(c)]. We estimate the number of “independent” peak

spacings, ni in Table I, as the number of peaks measured

in each scan of Vg multiplied by the number of peak scans

with characteristically different heights.

Histograms of peak spacings from three dots with

similar device parameters (dots 3, 4, and 5) are shown in

Fig. 2. Both the B ! 0 and B fi 0 histograms are roughly
symmetric and Gaussian. A Gaussian fit to the B ! 0
histogram gives a standard deviation sB!0"n#f ! 0.019
(the subscript f indicates “Gaussian fit”) whereas a direct
evaluation of the second moment of the spacing data

set yields sB!0"n# ! 0.027. This difference results

from broad non-Gaussian tails, which can be seen on a

logarithmic plot (right insets, Fig. 2). All B fi 0 data are
taken between 3 15w0 through the device, where w0 !
h$e ! 4.14 mTmm2. The B fi 0 distribution width

from a Gaussian fit yields sBfi0"n#f ! 0.015 and the

second moment of the data gives sBfi0"n# ! 0.022. By

FIG. 2. Histograms of normalized peak spacing n (bars) for
(a) B ! 0 and (b) B fi 0 for devices 3, 4, and 5. Solid curves
show best fit to normalized Gaussian of width 0.019 (0.015) for
B ! 0 "B fi 0#. The B ! 0 histogram is wider by a factor of
!1.2 than the B fi 0 histogram. Data represent 4300 (10 800)
CB peaks from the devices with !720 (1600) statistically
independent for B ! 0 "B fi 0#. Horizontal bar indicates (spin-
resolved) mean level spacing DSR$EC averaged over the three
devices. Right insets: Plots of histogram (diamonds) and best
fit Gaussian (solid curve) on log-linear scale. Dashed curve is
Gaussian of width 0.13 from Ref. [5]. Left insets: Dotted
curves are CI 1 SDRMT peak spacing distributions; solid
curves correspond to CI 1 SDRMT distributions convolved
with Gaussian of width snoise"n# ! 0.009 averaged over the
three dots (see Table I).
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as the average single particle level spacing for spin-
degenerate levels; m! is the electron effective mass, and
A is the area occupied by the electrons), transport on a CB
peak is a resonant process, making the peak position sen-
sitive to the discrete spectrum of the dot. A simple model
connecting level spacing statistics and CB peak spacing is
the so-called “constant interaction” (CI) model, in which
the separation between ground state energies of the dot
probed by CB is separated into two parts, a charging energy
EC that is independent of (or at most slowly varying with)
the number of electrons on the dot, N, and a fluctuating
part associated with a discrete quantum level spacing. This
separation assumes that fluctuations in EC due to charge
rearrangement in the ground state upon adding an electron
are small compared toD. Within the CI model, the spacing
(in gate voltage) between CB peaks, DVi

g ! Vi11
g 2 Vi

g,
where Vi

g is the center position of the ith peak, is given by

ehDV i
g !

!
!´i11 2 ´i" 1 EC !i even" ,
EC !i odd" ,

(1)

where ´i is the ith single-particle energy level and h !
Cg#Cdot is the ratio of gate capacitance to total dot
capacitance, also assumed to vary slowly with i. The
dependence of Eq. (1) on whether i is even or odd reflects
the spin degeneracy of levels.
If one further assumes that spacings !´i11 2 ´i" obey

spin-degenerate RMT statistics, the resulting distribution
P!n" of normalized fluctuations in peak spacing n !
!DV i

g 2 $DVi
g%"#$DV i

g% will consist of a d function for the
case of i odd plus a Wigner-Dyson distribution (PWD!s" ~
se2ps2#4 for B ! 0 and ~ s2e24s2#p for B fi 0, with s

in units of D) for the case i even. The brackets $?%
denote an average over an ensemble of peaks. Note that
within this CI 1 SDRMT model, the standard deviation
s of P!n" depends on time-reversal symmetry; for D ø
EC , CI 1 SDRMT gives s ! 0.62!0.58"D#EC for B ! 0
!B fi 0" and a ratio sB!0#sBfi0 & 1.1. For GaAs dots
of the type described here and in Refs. [5,6], the predicted
peak spacing distribution width iss!n" & 0.03, depending
slightly on the dot shape and size, based on experimental
values of D and EC (see Table I).
Since a bimodal P!n" is not found experimentally, as

seen below, one is motivated to consider a CI model with-
out even-odd structure, based on spin-resolved (SR) level
statistics. The breaking of spin degeneracy, discussed in
[7] and observed experimentally in [11], will lead to level
statistics described roughly by two overlapping Wigner-
Dyson distributions [12]. The ratio sB!0#sBfi0 ! 0.70#
0.65 & 1.1 in CI 1 SRRMT is similar to CI 1 SDRMT;
however, the predicted spacing distribution width s!n" &
0.01 is reduced by a factor of &2 due to a reduced mean
level spacing DSR ! D#2.
The quantum dots we measured were formed by

gate depletion of a two-dimensional electron gas in a
GaAs#AlGaAs heterostructure (see Table I). Irregular dot
shapes were designed to produce chaotic scattering, and
all devices were smaller than the bulk mean free path so
that transport within the dots is ballistic. The dot area A
was estimated from the lithographic area with a depletion
of&120 nm around the perimeter of the device. Charging
energy was measured from the relation EC & eh$DVg%,
based on Eq. (1) with D ø EC , with h extracted
from the T dependence of the peak width [10]. All

TABLE I. Device parameters and measured spacing statistics at T & 100 mK: area occupied by electrons !A", 2DEG depth !d",
SR mean level spacing !DSR ! p h̄2#m!A", charging energy !EC ! e2#Cdot", number of electrons in dot !N", number of statistically
independent peak spacings !ni", and peak spacing distribution width at B ! 0 !!!sB!0!n"""" 'B fi 0 !!!sBfi0!n""""( with uncertainties in
parentheses. An estimate of the noise in each data set is given as the width of the noise distribution, snoise!n"; devices 2, 6, and
7 exhibit a correlation between enhanced snoise!n" and larger s!n". Devices 1, 2, 5, and 7 (3, 4, and 6) have a sheet density
ns & 2 3 1011 cm22 !3 3 1011 cm22" and mobility m & 1.4 3 105 cm2#V s !6.5 3 105 cm2#V s".

Parameter dot 1 dot 2 dot 3 dot 4 dot 5 dot 6 dot 7

A !mm2" 0.17 0.20 0.32 0.34 0.38 0.47 0.50

d !Å" 900 900 800 800 900 800 900

DSR !meV" 21 18 11 11 9 8 7

EC !meV" 590 760 580 500 380 600 320

N 340 400 900 1000 800 1400 1000

ni 190 70 140 830 1300 710 420

sB!0!n" · · · 48 38 25 25 43 56
!31023" (7) (2) (2) (3) (2) (3)

sBfi0!n" 18 34 23 22 20 38 43
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ABSTRACT The course of chemical reactions involving rad-
ical pairs may depend on occurrence and orientation of nuclear
spins in the pairs. The influence of nuclear spins is maximized
when the radical pairs are confined to a space that serves as a cage
that allows a certain degree of independent diffusional and rota-
tional motion of the partners of the pair but that also encourages
reencounters of the partners within a period which allows the nu-
clear spins to operate on the odd electron spins of the pair. Under
the proper conditions, the nuclear spins can induce intersystem
crossing between triplet and singlet states of radical pairs. It is
shown that this dependence ofintersystem crossing on nuclear spin
leads to a magnetic isotope effect on the chemistry of radical pairs
which provides a means of separating isotopes. on the basis of nu-
clear spins rather than nuclear masses and also leads to a magnetic
field effect on the chemistry of radical pairs which provides a
means of influencing the course of polymerization by the appli-
cation of weak magnetic fields.

PHYSICAL MODEL OF NUCLEAR SPIN

"Spin" is the term used to describe an intrinsic and character-
istic property associated with the angular momentum of a par-
ticle. A physical model of spin is conveniently generated by the
supposition that this property is the angular momentum that
arises from a body rotating about its own axis. This classical
model allows recognition of most of the important characteris-
tics of quantum mechanical spin. For example, it provides an
understanding of why charged particles with spin.possess an
intrinsic magnetic moment and why charged particles without
spin do not possess an intrinsic magnetic moment (1, 2) (Fig.
.1).

The magnitude of the spin angular momentum of a particle
is uniquely determined by the spin quantum number which
may be a positive integral or half-integral number that is char-
acteristic of the particle. For example, the value of the elec-
tronic spin quantum number(s) for an electron is +1/2. This
value pertains whatever the state of the electron. On the other
,hand, the value of the nuclear spin quantum number (f) de-
pends on the nucleus. Indeed, some nuclei (e.g., 12C, 160, 180)
do not possess spin (f = 0), whereas others possess half-integral
values (e.g.,. for 170 f = 5/2, for 1H f = 1/2, and for `3C e
= 1/2) or integral values (e.g., for 2H e = 1). For simplicity,
I shall consider some of the consequences of a simple model of
spin for.a particle with spin quantum number of + 1/2.

According to the rules of quantum mechanics, the spin an-
gular momentum of a rotating body is quantized and may take
up only a discrete set of orientations with respect to any arbi-
trarily selected axis (Fig. 2). With the z axis as a frame of ref-
erence, the allowed- orientations for a spin of +1/2 are "up"
(a spin) and "down" (A spin). Quantum mechanics allows that
only one axial component ofthe spin angular momentum vector
can be specified. We shall arbitrarily select this component to
be projected on the z axis. The specific orientation (termed the
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FIG. 1. Schematicdescriptionof classical spinangularmomentum
of a rotating particle. The spin angular momentum can be represented
as vector quantity.whose magnitude is interpreted as the angular mo-
mentum resulting from the spin and whose direction represents the
senseof the rotation. A particle with both mass and charge generates
a magnetic field as it spins. This field can also be represented by a
vector quantity, a magnetic moment. In the case of a charged particle,
the "right-hand rule" applies for a positively charged particle (atomic
nucleus) for both the direction of the angular momentum and the mag-
netic moment vectors. In the case of a negatively charged particle
(electron), the magnetic moment vector is opposite in direction to the
angular momentum vector. The orientation-in space ofa classical mag-
netic moment can assume any value relative to an applied magnetic
field, but the magnetic moment of an electron or a nucleus in an ex-
ternal magnetic field is only allowed a few orientations-as specified by
the laws of quantum mechanics.

"azimuth") of the vector in the xy plane cannot be determined
precisely according to the rules of quantum mechanics because
.the uncertainty principle requires that, if the z component of
the angular momentum is precisely specified, then the x and
y components cannot be specified. The range possible for ori-
entations ofthe.angular momentum vector in the xy plane traces
out a cone which is termed.a "cone ofprecession.for the vector. "
The magnetic moment vector that is associated with the spin-
ning charged particle behaves qualitatively in the same manner
as the angular momentum vector. The magnetic moment is in-
fluenced by magnetic fields due to nearby spins and by applied
magnetic fields.

In the absence of other magnetic fields, the magnetic mo-
ment vector may be viewed as being at rest at an indeterminate
position in the cone of precession.and may assume any orien-
tation in space. If a magnetic field H is applied along the z axis,
the spin vectors must take up either the a or A3 position (Fig.
2). The vector is now viewed as revolving about the z axis with

Abbreviations: ISC, intersystem crossing; RP, radical pairs; DBK, di-
benzyl ketone; CG6NMe3Cl, -hexadecyltrimethylammonium chloride;
CMC, critical micelle concentration.

A

,,X

Proc. Natl. Acad. Sci. USA
Vol. 80, pp. 609-621, January 1983
Review

Influence of nuclear spin on chemical, reactions: Magnetic isotope
and.magnetic field effects (A Review)

(spin dynamics/photochemistry/radical pairs/isotope enrichment)

NICHOLAS J. TURRO

Department ofChemistrv, Lolumbia University, New York, New York 10027

Contributed by Nicholas J. Turro, November 1, 1982

ABSTRACT The course of chemical reactions involving rad-
ical pairs may depend on occurrence and orientation of nuclear
spins in the pairs. The influence of nuclear spins is maximized
when the radical pairs are confined to a space that serves as a cage
that allows a certain degree of independent diffusional and rota-
tional motion of the partners of the pair but that also encourages
reencounters of the partners within a period which allows the nu-
clear spins to operate on the odd electron spins of the pair. Under
the proper conditions, the nuclear spins can induce intersystem
crossing between triplet and singlet states of radical pairs. It is
shown that this dependence ofintersystem crossing on nuclear spin
leads to a magnetic isotope effect on the chemistry of radical pairs
which provides a means of separating isotopes. on the basis of nu-
clear spins rather than nuclear masses and also leads to a magnetic
field effect on the chemistry of radical pairs which provides a
means of influencing the course of polymerization by the appli-
cation of weak magnetic fields.

PHYSICAL MODEL OF NUCLEAR SPIN

"Spin" is the term used to describe an intrinsic and character-
istic property associated with the angular momentum of a par-
ticle. A physical model of spin is conveniently generated by the
supposition that this property is the angular momentum that
arises from a body rotating about its own axis. This classical
model allows recognition of most of the important characteris-
tics of quantum mechanical spin. For example, it provides an
understanding of why charged particles with spin.possess an
intrinsic magnetic moment and why charged particles without
spin do not possess an intrinsic magnetic moment (1, 2) (Fig.
.1).

The magnitude of the spin angular momentum of a particle
is uniquely determined by the spin quantum number which
may be a positive integral or half-integral number that is char-
acteristic of the particle. For example, the value of the elec-
tronic spin quantum number(s) for an electron is +1/2. This
value pertains whatever the state of the electron. On the other
,hand, the value of the nuclear spin quantum number (f) de-
pends on the nucleus. Indeed, some nuclei (e.g., 12C, 160, 180)
do not possess spin (f = 0), whereas others possess half-integral
values (e.g.,. for 170 f = 5/2, for 1H f = 1/2, and for `3C e
= 1/2) or integral values (e.g., for 2H e = 1). For simplicity,
I shall consider some of the consequences of a simple model of
spin for.a particle with spin quantum number of + 1/2.

According to the rules of quantum mechanics, the spin an-
gular momentum of a rotating body is quantized and may take
up only a discrete set of orientations with respect to any arbi-
trarily selected axis (Fig. 2). With the z axis as a frame of ref-
erence, the allowed- orientations for a spin of +1/2 are "up"
(a spin) and "down" (A spin). Quantum mechanics allows that
only one axial component ofthe spin angular momentum vector
can be specified. We shall arbitrarily select this component to
be projected on the z axis. The specific orientation (termed the

609

Vector representing
spin angular
momentum

I \ Magnetic lines
of force

I

- Sense of rotation
of particle about
a z-axis

z

FIG. 1. Schematicdescriptionof classical spinangularmomentum
of a rotating particle. The spin angular momentum can be represented
as vector quantity.whose magnitude is interpreted as the angular mo-
mentum resulting from the spin and whose direction represents the
senseof the rotation. A particle with both mass and charge generates
a magnetic field as it spins. This field can also be represented by a
vector quantity, a magnetic moment. In the case of a charged particle,
the "right-hand rule" applies for a positively charged particle (atomic
nucleus) for both the direction of the angular momentum and the mag-
netic moment vectors. In the case of a negatively charged particle
(electron), the magnetic moment vector is opposite in direction to the
angular momentum vector. The orientation-in space ofa classical mag-
netic moment can assume any value relative to an applied magnetic
field, but the magnetic moment of an electron or a nucleus in an ex-
ternal magnetic field is only allowed a few orientations-as specified by
the laws of quantum mechanics.

"azimuth") of the vector in the xy plane cannot be determined
precisely according to the rules of quantum mechanics because
.the uncertainty principle requires that, if the z component of
the angular momentum is precisely specified, then the x and
y components cannot be specified. The range possible for ori-
entations ofthe.angular momentum vector in the xy plane traces
out a cone which is termed.a "cone ofprecession.for the vector. "
The magnetic moment vector that is associated with the spin-
ning charged particle behaves qualitatively in the same manner
as the angular momentum vector. The magnetic moment is in-
fluenced by magnetic fields due to nearby spins and by applied
magnetic fields.

In the absence of other magnetic fields, the magnetic mo-
ment vector may be viewed as being at rest at an indeterminate
position in the cone of precession.and may assume any orien-
tation in space. If a magnetic field H is applied along the z axis,
the spin vectors must take up either the a or A3 position (Fig.
2). The vector is now viewed as revolving about the z axis with

Abbreviations: ISC, intersystem crossing; RP, radical pairs; DBK, di-
benzyl ketone; CG6NMe3Cl, -hexadecyltrimethylammonium chloride;
CMC, critical micelle concentration.

A

,,X

Proc. Natl. Acad. Sci. USA
Vol. 80, pp. 609-621, January 1983
Review

Influence of nuclear spin on chemical, reactions: Magnetic isotope
and.magnetic field effects (A Review)

(spin dynamics/photochemistry/radical pairs/isotope enrichment)

NICHOLAS J. TURRO

Department ofChemistrv, Lolumbia University, New York, New York 10027

Contributed by Nicholas J. Turro, November 1, 1982

ABSTRACT The course of chemical reactions involving rad-
ical pairs may depend on occurrence and orientation of nuclear
spins in the pairs. The influence of nuclear spins is maximized
when the radical pairs are confined to a space that serves as a cage
that allows a certain degree of independent diffusional and rota-
tional motion of the partners of the pair but that also encourages
reencounters of the partners within a period which allows the nu-
clear spins to operate on the odd electron spins of the pair. Under
the proper conditions, the nuclear spins can induce intersystem
crossing between triplet and singlet states of radical pairs. It is
shown that this dependence ofintersystem crossing on nuclear spin
leads to a magnetic isotope effect on the chemistry of radical pairs
which provides a means of separating isotopes. on the basis of nu-
clear spins rather than nuclear masses and also leads to a magnetic
field effect on the chemistry of radical pairs which provides a
means of influencing the course of polymerization by the appli-
cation of weak magnetic fields.

PHYSICAL MODEL OF NUCLEAR SPIN

"Spin" is the term used to describe an intrinsic and character-
istic property associated with the angular momentum of a par-
ticle. A physical model of spin is conveniently generated by the
supposition that this property is the angular momentum that
arises from a body rotating about its own axis. This classical
model allows recognition of most of the important characteris-
tics of quantum mechanical spin. For example, it provides an
understanding of why charged particles with spin.possess an
intrinsic magnetic moment and why charged particles without
spin do not possess an intrinsic magnetic moment (1, 2) (Fig.
.1).

The magnitude of the spin angular momentum of a particle
is uniquely determined by the spin quantum number which
may be a positive integral or half-integral number that is char-
acteristic of the particle. For example, the value of the elec-
tronic spin quantum number(s) for an electron is +1/2. This
value pertains whatever the state of the electron. On the other
,hand, the value of the nuclear spin quantum number (f) de-
pends on the nucleus. Indeed, some nuclei (e.g., 12C, 160, 180)
do not possess spin (f = 0), whereas others possess half-integral
values (e.g.,. for 170 f = 5/2, for 1H f = 1/2, and for `3C e
= 1/2) or integral values (e.g., for 2H e = 1). For simplicity,
I shall consider some of the consequences of a simple model of
spin for.a particle with spin quantum number of + 1/2.

According to the rules of quantum mechanics, the spin an-
gular momentum of a rotating body is quantized and may take
up only a discrete set of orientations with respect to any arbi-
trarily selected axis (Fig. 2). With the z axis as a frame of ref-
erence, the allowed- orientations for a spin of +1/2 are "up"
(a spin) and "down" (A spin). Quantum mechanics allows that
only one axial component ofthe spin angular momentum vector
can be specified. We shall arbitrarily select this component to
be projected on the z axis. The specific orientation (termed the

609

Vector representing
spin angular
momentum

I \ Magnetic lines
of force

I

- Sense of rotation
of particle about
a z-axis

z

FIG. 1. Schematicdescriptionof classical spinangularmomentum
of a rotating particle. The spin angular momentum can be represented
as vector quantity.whose magnitude is interpreted as the angular mo-
mentum resulting from the spin and whose direction represents the
senseof the rotation. A particle with both mass and charge generates
a magnetic field as it spins. This field can also be represented by a
vector quantity, a magnetic moment. In the case of a charged particle,
the "right-hand rule" applies for a positively charged particle (atomic
nucleus) for both the direction of the angular momentum and the mag-
netic moment vectors. In the case of a negatively charged particle
(electron), the magnetic moment vector is opposite in direction to the
angular momentum vector. The orientation-in space ofa classical mag-
netic moment can assume any value relative to an applied magnetic
field, but the magnetic moment of an electron or a nucleus in an ex-
ternal magnetic field is only allowed a few orientations-as specified by
the laws of quantum mechanics.

"azimuth") of the vector in the xy plane cannot be determined
precisely according to the rules of quantum mechanics because
.the uncertainty principle requires that, if the z component of
the angular momentum is precisely specified, then the x and
y components cannot be specified. The range possible for ori-
entations ofthe.angular momentum vector in the xy plane traces
out a cone which is termed.a "cone ofprecession.for the vector. "
The magnetic moment vector that is associated with the spin-
ning charged particle behaves qualitatively in the same manner
as the angular momentum vector. The magnetic moment is in-
fluenced by magnetic fields due to nearby spins and by applied
magnetic fields.

In the absence of other magnetic fields, the magnetic mo-
ment vector may be viewed as being at rest at an indeterminate
position in the cone of precession.and may assume any orien-
tation in space. If a magnetic field H is applied along the z axis,
the spin vectors must take up either the a or A3 position (Fig.
2). The vector is now viewed as revolving about the z axis with

Abbreviations: ISC, intersystem crossing; RP, radical pairs; DBK, di-
benzyl ketone; CG6NMe3Cl, -hexadecyltrimethylammonium chloride;
CMC, critical micelle concentration.
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We study the decoherence of a single electron spin in an isolated quantum dot induced by hyperfine
interaction with nuclei. The decay is caused by the spatial variation of the electron wave function within
the dot, leading to a nonuniform hyperfine coupling A. We evaluate the spin correlation function and
find that the decay is not exponential but rather power (inverse logarithm) lawlike. For polarized nuclei
we find an exact solution and show that the precession amplitude and the decay behavior can be tuned
by the magnetic field. The decay time is given by h̄N!A, where N is the number of nuclei inside the
dot, and the amplitude of precession decays to a finite value. We show that there is a striking difference
between the decoherence time for a single dot and the dephasing time for an ensemble of dots.

DOI: 10.1103/PhysRevLett.88.186802 PACS numbers: 73.21.La, 76.20.+q, 76.60.Es, 85.35.Be

The spin dynamics of electrons in semiconducting
nanostructures has become of central interest in recent
years [1]. The controlled manipulation of spin, and in
particular of its phase, is the primary prerequisite needed
for novel applications in conventional computer hardware
as well as in quantum information processing. It is
thus desirable to understand the mechanisms which limit
the spin phase coherence of electrons, in particular in
GaAs semiconductors, which have been shown to exhibit
unusually long spin decoherence times T2 exceeding
100 ns [2]. Since in GaAs each nucleus carries spin, the
hyperfine interaction between electron and nuclear spins
is unavoidable, and it is therefore important to understand
its effect on the electron spin dynamics [3]. This is
particularly so for electrons which are confined to a closed
system such as a quantum dot with a spin 1!2 ground
state, since, besides fundamental interest, these systems
are promising candidates for scalable spin qubits [4]. For
recent work on spin relaxation (characterized by T1 times)
in GaAs nanostructures we refer to Refs. [5–7].

Motivated by this we investigate in the following the
spin dynamics of a single electron confined to a quantum
dot in the presence of nuclear spins. We treat the case of
unpolarized nuclei perturbatively, while for the fully po-
larized case we present an exact solution for the spin dy-
namics and show that the decay is nonexponential and can
be strongly influenced by external magnetic fields. We use
the term “decoherence” to describe the case with a single
dot, and the term “dephasing” for an ensemble of dots [8].
The typical fluctuating nuclear magnetic field seen by the
electron spin via the hyperfine interaction is of the order
of [9] RA!

p
N gmB, with an associated electron preces-

sion frequency vN # A!
p

N , where A is a hyperfine con-
stant, g the electron g factor, and mB the Bohr magneton.
For a typical dot size the electron wave function covers
approximately N 1 105 nuclei, then this field is of the
order of 100 G in a GaAs quantum dot. The nuclei in

turn interact with each other via dipolar interaction, which
does not conserve the total nuclear spin and thus leads to
a change of a given nuclear spin configuration within the
time Tn2 $ 1024 s, which is just the period of precession
of a nuclear spin in the local magnetic field generated by
its neighbors.

We note that there are two different regimes of interest,
depending on the parameter vN tc, where tc is the corre-
lation time of the nuclear field. The simplest case is given
by the perturbative regime vN tc ø 1, characterized by
dynamical narrowing: different random nuclear configu-
rations change quickly in time and, as a result, the spin
dynamics is diffusive with a dephasing time #1!v2

Ntc.
A more difficult situation arises when vNtc ¿ 1, requir-
ing a nonperturbative approach. It is this regime which
we will consider in this paper, i.e., the electron is local-
ized in a quantum dot, and the correlation time is due to
the internal nuclear spin dynamics, i.e., tc 1 Tn2, giving
vN tc 1 104. Next, we need to address the important is-
sue of averaging over different nuclear spin configurations
in a single dot. Without internal nuclear spin dynamics,
i.e., Tn2 ! `, no averaging is indicated. However, each
flip-flop process (due to hyperfine interaction) creates a
different nuclear configuration, and because of the spatial
variation of the hyperfine coupling constants inside the dot,
this leads to a different value of the nuclear field seen by
the electron spin and thus to its decoherence. Below we
will find that this decoherence is nonexponential, but still
we can indicate a characteristic time given by %A!h̄N &21

[8]. Moreover, we shall find that Tn2 ¿ %A!h̄N &21, and
thus still no averaging over the nuclear configurations is
indicated (and dipolar interactions will be neglected hence-
forth). To underline the importance of this point, we will
contrast below the unaveraged correlator with its average.

Unpolarized nuclei.—We consider a single electron
confined to a quantum dot whose spin S couples to an
external magnetic field B and to nuclear spins 'Ii( via
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The spin dynamics of electrons in semiconducting
nanostructures has become of central interest in recent
years [1]. The controlled manipulation of spin, and in
particular of its phase, is the primary prerequisite needed
for novel applications in conventional computer hardware
as well as in quantum information processing. It is
thus desirable to understand the mechanisms which limit
the spin phase coherence of electrons, in particular in
GaAs semiconductors, which have been shown to exhibit
unusually long spin decoherence times T2 exceeding
100 ns [2]. Since in GaAs each nucleus carries spin, the
hyperfine interaction between electron and nuclear spins
is unavoidable, and it is therefore important to understand
its effect on the electron spin dynamics [3]. This is
particularly so for electrons which are confined to a closed
system such as a quantum dot with a spin 1!2 ground
state, since, besides fundamental interest, these systems
are promising candidates for scalable spin qubits [4]. For
recent work on spin relaxation (characterized by T1 times)
in GaAs nanostructures we refer to Refs. [5–7].

Motivated by this we investigate in the following the
spin dynamics of a single electron confined to a quantum
dot in the presence of nuclear spins. We treat the case of
unpolarized nuclei perturbatively, while for the fully po-
larized case we present an exact solution for the spin dy-
namics and show that the decay is nonexponential and can
be strongly influenced by external magnetic fields. We use
the term “decoherence” to describe the case with a single
dot, and the term “dephasing” for an ensemble of dots [8].
The typical fluctuating nuclear magnetic field seen by the
electron spin via the hyperfine interaction is of the order
of [9] 1A!

p
N gmB, with an associated electron preces-

sion frequency vN # A!
p

N , where A is a hyperfine con-
stant, g the electron g factor, and mB the Bohr magneton.
For a typical dot size the electron wave function covers
approximately N R 105 nuclei, then this field is of the
order of 100 G in a GaAs quantum dot. The nuclei in

turn interact with each other via dipolar interaction, which
does not conserve the total nuclear spin and thus leads to
a change of a given nuclear spin configuration within the
time Tn2 $ 1024 s, which is just the period of precession
of a nuclear spin in the local magnetic field generated by
its neighbors.

We note that there are two different regimes of interest,
depending on the parameter vN tc, where tc is the corre-
lation time of the nuclear field. The simplest case is given
by the perturbative regime vN tc ø 1, characterized by
dynamical narrowing: different random nuclear configu-
rations change quickly in time and, as a result, the spin
dynamics is diffusive with a dephasing time #1!v2

Ntc.
A more difficult situation arises when vNtc ¿ 1, requir-
ing a nonperturbative approach. It is this regime which
we will consider in this paper, i.e., the electron is local-
ized in a quantum dot, and the correlation time is due to
the internal nuclear spin dynamics, i.e., tc R Tn2, giving
vN tc R 104. Next, we need to address the important is-
sue of averaging over different nuclear spin configurations
in a single dot. Without internal nuclear spin dynamics,
i.e., Tn2 ! `, no averaging is indicated. However, each
flip-flop process (due to hyperfine interaction) creates a
different nuclear configuration, and because of the spatial
variation of the hyperfine coupling constants inside the dot,
this leads to a different value of the nuclear field seen by
the electron spin and thus to its decoherence. Below we
will find that this decoherence is nonexponential, but still
we can indicate a characteristic time given by %A!h̄N &21

[8]. Moreover, we shall find that Tn2 ¿ %A!h̄N &21, and
thus still no averaging over the nuclear configurations is
indicated (and dipolar interactions will be neglected hence-
forth). To underline the importance of this point, we will
contrast below the unaveraged correlator with its average.

Unpolarized nuclei.—We consider a single electron
confined to a quantum dot whose spin S couples to an
external magnetic field B and to nuclear spins 'Ii( via
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